As a new control technique called the subspace control method is developed in an effort to carry out finely tuned control easily and efficiently for a complicated and large-scale mechanical system. In the subspace control method, the minimum and optimum subspace suited for the control specification is extracted from the entire state space by applying the concept of modal analysis, and feedback control based on the modal coordinate is performed in the subspace. The subspace control method takes advantage of the dynamic characteristics of the controlled object in the design of control system. In addition, decreasing the dimension of the controlled object based on the dynamic characteristics leads to simplification of the design of control system, reduction of mechanical overload caused by the control, and a reduction in consumed electric power. In the present study, in order to clarify the fundamental concept, the subspace control method is formulated for swing-up and stabilizing controls of an inverted pendulum system. The effectiveness of the proposed method is verified by numerical simulations and experiments.
Introduction
A control design for a complicated and large-scale mechanical system is generally required that the controlled system becomes fine-tuned, simplified, and efficient. To develop such a control method, we should measure the mechanical characteristics of the control subject and use these characteristics in control design. If the system can be simplified depending on the required specifications of the control, the control design should be simple. Therefore, in the present paper, we propose a subspace control method based on modal analysis as a new control technique.
Eigenvalues and eigenvectors given by the coefficient matrix of a state equation in a linear system indicate several of the characteristics of solutions without control input. In particular, negative eigenvalues indicate that the solution should converge to the origin in a subspace spanned by corresponding eigenvectors, and positive eigenvalues indicate that the solution should diverge in a subspace spanned by eigenvectors corresponding to positive eigenvalues. The former subspace is referred to as the target space, and the latter subspace is referred to as the control space. To stabilize the entire system, the control space should be stabilized. All vectors constituting the control space should be selected as a minimum and suitable subspace by the designer, depending on the required specifications.
The state space must be divided into two subspaces in subspace control. To define these subspaces, we apply modal analysis to the system. Then, state variables are transformed into variables expressed by modal coordinates. We consider that subspace control would allow the system to be simplified using the mechanical characteristics and would allow the mechanical loads caused by control input and electric power consumption to be reduced.
There is a technique similar to subspace control based on modal analysis. In a flexible structure system, this technique can select the lower frequency modes by modal analysis and develop a low-dimensional mathematical model. One difference between these two methods is a basic concept regarding the selection of frequency modes. The frequency modes used for the modeling are selected in order of the effects on the system in the modeling technique of a flexible structure system, whereas modes are selected in order to achieve a fine-tuned and flexible control in consideration of the mechanical characteristics of the system in subspace control. Specifically, subspace control can be applied to the models that had been simplified by the modeling technique of a flexible structure system.
In the present paper, to clarify the basic concepts of subspace control, we develop the formulation of subspace control and apply it to a swing-up and stabilizing control of an inverted pendulum system. There are some issues to swing up and stabilize a pendulum, for example, energy control for swinging up a pendulum or switching conditions from the swing up process to the stabilizing process. We demonstrate solutions of them by using the features of subspace control. The effectiveness of the proposed method is verified by numerical simulations and experiments. However, since subspace control is intended to be used with linear systems, linearized state equations of the inverted pendulum system in the vicinity of the upright position or hanging position of the pendulum are used. Figure 1 shows a cart-type single inverted pendulum system. This is an under-actuated system because the cart moves along a straight path within a limited range by an external input. The dynamic equations of this system are given by
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where θ is the angle of the pendulum from the upright position, x is the displacement of the cart, f is the external force applied to the cart, M is the mass of the cart, m is the mass of the pendulum, l is the length from the pivot to the center of gravity of the pendulum, J is the Fig.1 Inverted pendulum model moment of inertia of the pendulum, C is the viscous damping coefficient of the cart and its drive-train, c is the viscous damping coefficient of rotation of the pendulum, and g is the acceleration due to gravity. In the experimental apparatus, a control input for the movement of the cart is given by velocity control, and the pendulum is lightweight. Therefore, the effect of the pendulum on the cart dynamics can be neglected, and Eq.(1) is transformed as follows:
where ξ and ζ are empirically determined physical constants of the cart. Linearizing Eq. (2) in the vicinity of 0 θ = and transforming Eqs.(1) and (2) into a state equation yields 
Modal analysis and stabilization for control space
In order to divide the state space into a control space and a target space, state variables are transformed into modal coordinates by modal analysis. All of the eigenvalues λ i (for 1 4 i = ∼ ) of coefficient matrix A in Eq.(4) are real numbers and are given by 
The eigenvectors corresponding to these eigenvalues are given by diag( , , , ),
where each element of z is a state variable for each eigenvalue. The subspace spanned by v 1 and v 2 is the control space, and the subspace spanned by v 3 and v 4 is the target space. Equation (10) can be divided into two state equations describing the control space 1 2 [ ] T C z z = z and the target space 3 4 [ ]
as follows: 
Although the system of Eq. (13) is stable without control input, the system of Eq. (12) requires control input for stability because λ 1 is positive. Therefore, control input is obtained by feeding back only state variables in the control space as follows:
[ ]
Using Eqs. (12)- (15), a state equation expressed in modal coordinates is given by
If the real parts of all eigenvalues in the coefficient matrix of Eq.(16) are negative, then the entire system must be stable. Since all eigenvalues of Λ T are negative, β should be designed such that all eigenvalues of ( )
Assuming that the eigenvalues of ( )
The major features of subspace control are division into two subspaces based on mechanical characteristics and control input operating on the control space only. Subspace control can reduce the order of the system and simplify the design of the control parameters. One point which should be added is that subspace control provides low mechanical load and low power consumption because it feeds back some state variables that are minimized for stabilization. On the other hand, the performance of subspace control with respect for the convergence rate is restricted by the mechanical characteristics of the control subject because the convergence rate depends on the maximum eigenvalues of the coefficient matrix in Eq.(16). When Λ T has the maximum eigenvalue of the coefficient matrix in Eq.(16), the convergence rate is constant, regardless of feedback gain β. A solution to this problem is to change the selection of the eigenvalues that make up the control space. Consequently, the selection of control space allows flexibility depending on the required specifications.
Swing-up control by subspace control
In the swing-up process, in order to swing up a pendulum, we make the system unstable using a control input based on a state equation that is linearized in the vicinity of θ π
It is the same with §2, the subspace control is also applied in the swing-up process. First, the state equation linearized in the vicinity of θ π = ± is given by
where θ π θ 
Each eigenvalue of the coefficient matrix A is given as follows: Re Im ,
Using Eq. (22), Eq. (18) is shown in modal coordinates as follows: 
The cart should be reciprocated because of the limited range of the movement. So that the vibration modes v 1 and v 2 are selected as the control space, and the input is defined as follows:
When the input is given by Eq.(26), the state equation in control space becomes ( )
In order to be unstable in the control space for swinging up the pendulum, the feedback gain β must be designed such that the real parts of the eigenvalues of ( )
positive. When the complex eigenvalues are defined as p jq ± , elements of β are given
If the real part of the poles ( p ) in Eq.(29) is designed to be positive, this causes unstable motion with flutter behavior. However, the effect of the nonlinear characteristics of the pendulum on this control would increase as amplitude increased. Therefore, the applicable range of the input is limited to the vicinity of 0 θ = , as follows:
The imaginary part of the poles (ω) is designed as ω = ω n in consideration of the effective excitation.
While θ L should be limited to be as small as possible in order to curb the influence of nonlinear characteristics, if θ L is too small, a swing-up control becomes difficult to implement, because there is a shortage of energy supply for resonance. Therefore, θ L must be designed properly. In Eq.(2), the acceleration of the cart works on the pendulum as in the numerical simulation and experiment. The control to swing-up a pendulum is summarized above. By subspace control, the dimensions of the control space are also reduced, so it becomes easy to design the control parameters. However, this control procedure requires a switching condition between the swing-up control and the stabilizing control. This condition is described in § §4 and 5.
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Verification by numerical simulation
The effectiveness of the subspace control defined in § §2 and 3 is verified by numerical simulation in this section. Table 1 shows the system parameters identified from the experimental apparatus. Table 2 shows the eigenvalues and the corresponding eigenvalues of A, and Table 2 shows those of A . The numerical integration is performed , and the initial input with -0.5 V is given for 20 ms from the time of onset. Thus, by setting β , β , and δ appropriately, it is confirmed by numerical simulation that subspace control realizes swing-up and stabilizing control of a pendulum.
Problems and solutions in swing-up control
A problem in swing-up control
There is a problem in switching from the swing-up control process to the stabilizing control process when the control method proposed in § § 2 and 3 is applied to a system. As an example, Fig. 3 shows the results of a numerical simulation with 0.53 p = , and the other control design parameters are the same as those for the simulation of Fig. 2 . This means that the stabilizing control might fail, after which the cart would move rapidly. To solve this problem, we propose two solutions based on the characteristics of subspace control.
Adjustment of swing-up control
To ensure that the pendulum could be stabilized in the upright position by small motions of the cart, the angular velocity θ should be zero approximately on θ π = ± . Therefore, we attempt to approximate the mechanical energy of the pendulum in the swing-up process as the target energy, which is defined as the potential energy in the upright position. Various methods have been proposed by which to achieve swing-up of a pendulum based on its mechanical energy (2) - (4) . In these methods, the differences between the current energy and the target energy are fed back, whereas in the proposed method, p is adjusted by increasing the mechanical energy. The pole assignment is easy to adjust because the dimensions of the control space are reduced from four-dimensional space to two-dimensional space by the subspace control, and the feedback gain can be designed by Eq.(29). The mechanical energy of pendulum can be estimated by . However, in a damped system, the maximum amplitude of a pendulum cannot realize the upright position because of the dissipation energy generated by damping. One solution to this problem is to add the dissipation energy to E T in advance. Therefore, E T is defined as follows:
2
where
The trajectory of θ in Eq. (34) is given by the motion of a pendulum on a separatrix in an undamped system. By Eq.(31), θ is calculated as follows: 
Consequently, in this control, only max p is required as control design parameter. The effectiveness of this procedure is verified in §6.
Selection of control space and a switching condition
In subspace control, designers can select the eigenvectors constituting the control space based on the performance. Examples of how to select these eigenvectors are shown in this inverted pendulum system. The control space is spanned by eigenvectors v 1 and v 2 described in §2. On the other hand, we can select only v 1 as a basis of the control space because the system may be stable without stabilizing the direction of v 2 corresponding to 2 0 = λ . In addition, when the control space is spanned by v 1 , v 2 , and v 3 , the solutions can converge quickly. Thus, the subspace control is flexible and applicable to swing-up and stabilizing control.
Since the swing-up method introduced in the present paper controls the pendulum only, only the pendulum should be stabilized in the stabilizing control process. This control would expand the capability of stabilization of the pendulum. The control input and state equation in the control space are described as follows:
Using Eq.(38), the stability condition is given as
The control input given by Eq.(37) maintains a pendulum at rest in an upright position and stops the cart at an arbitrary position. Next, we discuss the switching condition when the control input is given by Eq.(37). For the sake of smooth switching, in general, the state variables must be satisfied with the following assumptions: (a) It is possible to stabilize a pendulum with any initial variables after switching. (b) The control input for stabilizing a pendulum is as small as possible in the stabilizing control process. Assumption (a) is a primary condition for stabilization considering the nonlinear dynamics. And assumption (b) is a secondary condition regarding the limitation of the length of the cart's movement.
The purpose of the proposed swing-up control method is to approximate the motion of a pendulum to the separatrix. In particular, in the vicinity of 2n θ π = , the velocity of the cart becomes zero because the control input given by Eq.(30) is zero. Then, the trajectory in the state space approximate to the separatrix. Figure 4 shows the trajectory in the swing-up process. The bold line shows the trajectory in the swing-up process, and the dashed line shows the separatrix. In this figure, v 1 is the basis of the control space, and v 3 is the target space. These vectors correspond to the separatrix in the approximate vicinity of the upright position of the pendulum ( 2 , 0 n θ π θ = = ). Therefore, when the motion of the pendulum on the separatrix approaches the upright position, the state variables approximate v 3 and the absolute value of z 1 becomes approximately zero. Then, the above two assumptions are satisfied. Based on these arguments, control for swing-up and stabilization is divided into the following three steps:
Step 1 Swing-up control by destabilization of the system.
Step 2 Control to stabilize the pendulum in an upright position, but not to stabilize the cart.
Step 3 Control to stabilize the entire system containing a cart and a pendulum. When control is switched, the state variables should be satisfied such that the control input and the angle of the pendulum are small. Therefore, we define the switching condition as 2 2 (
The space satisfied by the switching condition is described in Fig.4 . Incidentally, another switching condition from Step 2 to Step 3 is not difficult because the pendulum has already been stabilized in Step 2. Therefore the condition is defined as 3 3 (
Verification of the proposed solutions
We verify the effectiveness of the proposed solutions by numerical simulation and by experiment. The control parameters are set as follows: max 1. − ± j .
Verification of the entire control system
Comparing Fig. 2 and Fig. 5 , the results shown in Fig. 5 indicate that the input voltage can become small when switching from swing-up control to stabilizing control. This phenomenon is caused by the adjustment of p based on the mechanical energy in Step 1 and the addition of the new control process as Step 2. Although the results of numerical simulation correspond approximately to the experimental results, the cart displacement and input voltage of the experiment are greater than those of the simulation in Step 2. Furthermore, the output fluctuates in Step 3. Estimation errors of the state variables that result from some modeling errors are considered to cause these differences in Step 2. And the fluctuation in Step 3 might be caused by pole assignments set to multiple roots.
Effectiveness of pole adjustment
To investigate the effectiveness of the adjustment of p , we compare two swing-up control methods, i.e., energy control with and without pole adjustment. The x-axis represents time, and the y-axis represents the mechanical energy obtained by Eq.(31). The solid line plots the results of energy control with max 1.0 p = , and the dotted line plots the results without energy control with 1.0 p = (const.). In the latter plot, the mechanical energy increases gradually and the pendulum begins to rotate. It is difficult to stabilize the pendulum in an upright position because of the rotational force. On the other hand, it is clear that energy control enables reliable and smooth control switching. This is possible by maintaining the mechanical energy as 2mgl in the swing-up process. The three elements, i.e., the viscous damping coefficient, c, the nonlinear characteristic of the pendulum, and the rate of modification of p , given by Eq.(32) must affect whether the motion of the pendulum is on the separatrix. To demonstrate the relation, Fig. 8 shows the relation between max p and the maximum energy of the pendulum E p after the energy growth ceases. The solid line plots the maximum energy by control with the addition of ∆Ε to the target energy, and the dotted line plots the maximum energy by control without ∆Ε. The bold lines and the thin lines plot the maximum energy of pendulum with c = 0.0002 Nm·s/rad and c = 0.0001 Nm·s/rad, respectively.
The results shown in Fig. 8 indicate that E p is constant when max p is set to be sufficiently high. When ∆Ε is added to the target energy, E p reaches 2mgl regardless of the value of c. If the value of c is large, the required values of max p tend to be large in order to maintain E p at 2mgl. These results indicate that max p is set such that the energy will reach 2mgl through trial and error processes, considering the rate of swing-up, the length of cart's movement, and the limitation of the input voltage. Consequently, these results indicate that the proposed correction method, which adds the dissipation energy ∆Ε to the target energy, has an advantageous effect on swing-up of the pendulum. 
Repeatability of swing-up and stabilizing control
If there are disturbances in the stabilizing control process, the pendulum might fall over or the cart might move over the finite length of the guide rail. In order to avoid such failures, we add Step 4 to the control processes, as follows:
・ If the cart displacement is |x| > 0.15 m in Step 2 or Step 3, the control process will switch to Step 4, which generates input such as 0.3sign( ) = − u x to return the cart to the origin. ・ When the cart displacement is |x| < 0.01 m in Step 4, the control process will switch to Step 1. Figure 9 shows the results for an impulse imparted to the pendulum by hand to the pendulum during the stabilizing control process. The results indicate that the pendulum can be stabilized after the disturbance and the motion is smooth and reliable. The proposed control method was found to enable swing-up and stabilization of the pendulum, regardless of the initial state variables.
Control design parameters
There are a number of control design parameters in the subspace control. They are roughly divided into two groups. The first group is related to the pole assignment, and the second group is related to the switching condition. The first group of parameters consists of Step 2 to Step 3. Although these parameters are set by trial and error, the physical implications of the parameters are clear, and the range for stabilization is large. Therefore, these parameters are easy to set, and there are rarely any problems.
Conclusion
In the present study, we proposed a subspace control method for using the mechanical characteristics of the control subject. The method divides the state space into the control space and the target space and reduces the dimensions of the controlled system. As an example, we applied the proposed method to swing-up and stabilizing control of a cart-type inverted pendulum system, and we proposed procedures for the simplification of the controlled system and the switching conditions between control processes. The effectiveness of these procedures was verified by numerical simulations and experiments. Consequently, we found that the subspace control method can simplify the system and allows easy design of control parameters. In addition, the control is flexible depending on the required specifications and mechanical characteristics. The control subject in this report is limited to the inverted pendulum system. Additional research will be needed before this method can be applied to practical systems.
